Micro-buckling of unidirectional fiber-reinforced composites is investigated in this paper by means of an explicit representation of a geometrically imperfect fiber within the context of kinematical and material non-linear behavior. Two types of fiber imperfections are considered: a helicoidal shape, identified as 3D imperfection; and a sinusoidal plane shape (2D imperfection). Both imperfection models are characterized by a maximum misalignment angle of the fiber with respect to the ideal or perfect configuration, as is usually considered in this field. A total of 816 cases were computed in terms of imperfection type (either 2D or 3D), fiber volume fraction, fiber arrangement (square or hexagonal array), orientation for 2D models, matrix yield stress, and misalignment angle. Two load cases, with constrained and unconstrained transverse strain, were considered. Assuming periodic boundary conditions, homogenization was carried out to obtain macroscopic stresses. Numerical results are compared with an analytical model available in the literature. The results show a high imperfection-sensitivity for small misalignment angles; on the other hand, the type of imperfection and the fiber arrangement do not have a large influence on the results. In addition, it was found that this problem is governed by fiber volume fraction and matrix yield stress only for small imperfections, whereas for large misalignment angles, a change in fiber volume fraction produces small changes in micro-buckling stress. column which is laterally supported on an elastic matrix. This problem has attracted a number of researchers, starting from the pioneer work of Rosen (1965) . There are two general ways in which such instability can occur: either due to elastic buckling of the fiber involving deformations of the matrix (a problem which is usually called micro-buckling), or by plastic deformations (called kinking), as reported by Budiansky and Fleck (1993) . Comparison between both modes has been made by Sun and Tsai (2001) among others: both are seen to be different problems and involve different assumptions; however, these authors concluded that the loads (stress fields) found at buckling or kinking are not very different.
INTRODUCTION
In the context of fiber-reinforced composite materials, the term fiber micro-buckling refers to the buckling of fibers involving transverse displacements under compression in the direction of the fiber. By analogy with a structural behavior, micro-buckling is frequently modeled as the buckling of a 
Framework of Analysis
At a unit cell level, a composite is modeled in this work by means of computational micromechanics (see, for example, Zohdi and Wriggers, 2008) ;in which there are macro and micro scales. This methodology has been employed to model a wide range of heterogeneous materials, such as particle-reinforced composites (Li and Wongsto, 2004) ; and fiber-reinforced composites (Car et al., 2002) . Matrix and fiber are modeled as two separate materials at the micro scale; whereas a single homogenous material (which is assumed to have an equivalent behavior to the heterogeneous fiber-matrix material) is taken into account at the macro scale. In a periodic heterogeneous material, this UC is employed to reconstruct the composite material by means of a repetitive pattern, as shown in Figure 1 . In computational micro-mechanics, a UC is considered with given boundary conditions and under a specific load configuration. With the solution of the stress field at the UC level, usually known as microscopic stresses, a post-process follows to evaluate the stress field in an equivalent homogeneous material, usually known as macroscopic stresses. This process at the micro level is carried out in this work using a Finite Element approximation. The model employed in this work is discussed in this section, including UC geometry, boundary conditions, and constitutive materials. The stability analysis is performed by means of the general purpose Finite Element code ABAQUS (2009).
Unit Cell Geometry
A UC shown in Figure 2a was used in this work to represent the microstructure in the periodic composite together with the geometric deviations with respect to an ideal or perfect configuration. The UC is constructed by means of the scan of a transverse section (see Figure 2b ) by introducing displacements without rotation along the curve that defines the fiber along the imperfect location (imperfection lines, shown in Figure 3 ).Finite Element models were investigated by assuming hexagonal (designated as Hx) and square (Sq) fiber arrangements, which are shown in Figure 2b . This allows representation of a three-dimensional periodic microstructure, leading to a geometry that can be easily meshed. For a given fiber radius Rf, the dimensions of the UC were calculated based on fiber volume fraction Vf and the ratio between fiber length Lf and diameter Df, i.e. = Lf/Df. Since a first order computational micromechanics technique is employed in this work, absolute UC dimension values, such as fiber radius Rf, would not affect results. Higher order homogenization theories would be necessary to take into account such absolute UC dimensions, as explained by van Dijk (2016) among others. The angle  is equal to 60º in Hx, and 90º in the Sq configuration (see Figure 2 ).
The value of b in Figure 2 is given by
Fiber Imperfections
Two types of imperfections with respect to a straight fiber were considered in this work: (i) Threedimensional (3D) deviations, with the fiber having a helicoidal shape; (ii) Two-dimensional (2D) deviations following a sinusoidal shape. In their initial positions, the fibers are assumed to be in phase. As shown in Figure 3 , the 3D imperfection is contained in a cylinder whereas the 2D imperfection lies in a plane.
With reference to Figure 3 , perfect alignment would be given by a fiber placed in the direction of axis x1; a 2D imperfection has been illustrated in the plane containing axis x1 and has a given angle  measured with respect to the plane x1-x2; in other words,  defines the orientation of the plane where the 2D imperfection develops. Following the usual definitions in the micro-buckling field, both imperfections have a maximum angle of misalignment () of the fiber with respect to axis x1.
The difference between angles  and  should be emphasized. The orientation of the plane which contains the imperfect fiber in the 2D model is ; whereas  is the maximum angle of the fiber with respect to axis x1. Thus, angle  has relevance in a 2D model, but  is a relevant parameter in both 2D and 3D models.
The Cartesian equations of the 2D imperfection line are given by
The equations for a 3D imperfection line are 
where rc is the radius of the cylinder which contains the helicoid. This value may be obtained from the expression 
Periodic Boundary Conditions
Periodic boundary conditions (PBC) were used to represent a periodic microstructure. PBC are described at large in the literature on computational micro-mechanics, such as Li and Wongsto (2004) , Sharma et al. (2014) ,among others; they were also used by Kueh and Pellegrino (2007) and by Mallikarachchi et al. (2011) by means of 1D beam elements for 2D structures.
To model the micro-structure in a periodic material it is possible to employ the concept of periodicity vectors (Oller et al., 2005; Car et al., 2002) . Following the nomenclature adopted in ZahrViñuela and Pérez-Castellanos (2011), two points in a microstructure are identified as "corresponding points" if the position of one of them may be obtained as the position of the other one plus a linear combination of the periodicity vectors using integer coefficients. To illustrate the concept, periodicity vectors 1 P and 2 P are shown in Figure 4 . The points in pairs:(C0; C1), (C0; C2) and (C0; C3) are corresponding points. Three vectors of periodicity, shown in Figure 5 , were used in this work.
where , , i j k are unit vectors in the coordinate directions x1, x2, and x3. The boundary conditions are relations involving the forces and displacements at the boundary of the cell (Li and Wongsto, 2004) . If the traction at a boundary point and its corresponding point 
Assuming that the displacements at a boundary point are written as + u and at its corresponding point as -u , then the condition
applies at all boundary points, where  0 is the macroscopic strain tensor; and P is a periodicity vector (or a linear combination of them) which satisfies the condition
where + X and -X are the coordinates of each node of the considered couple, for which the displacements are + u and -u . For a UC modeled by Finite Elements, it is only necessary to specify the conditions (7) for the displacements at the boundary. The conditions (6) for the boundary tractions are automatically satisfied because a displacement-based variational Finite Element formulation is employed, as explained by Li and Wongsto (2004) .
There are several ways to implement the conditions (7) in practice, including Lagrange multipliers or a penalty formulation. In this work, periodicity was implemented by means of multipoint linear constraints (using the *EQUATION command in ABAQUS). Basically, following(7), the scalar equation
(for i=1, 2, 3) holds, where Ui j are the displacement components in direction i of the additional node j that has been included as a control node. Three control nodes have been selected in this work, and a boundary condition is assigned to them in terms of the components of the macroscopic strain tensor which is to be imposed on the UC:
To avoid problems with units, equations (9) and (10) are assumed to include a unit coefficient to homogenize units. Equations (7) are thus implemented by use of equation (9) and boundary conditions (10).
Some further details need to be considered. When implemented using multipoint linear constraints in a program like ABAQUS, the first degree-of-freedom involved in equation (9) is eliminated as an unknown from the problem and cannot be further employed in new restrictions or in other boundary conditions. For this reason, the equations that are included in the programming should be selected to achieve an effective enforcement of all necessary relationship at the UC boundary. Following this procedure it is possible to select the conditions to be employed and avoid problems with missing degrees-of-freedom.
Boundary faces, edge lines, and vertices, are identified in Figure 6 . All equations to be implemented have the form of equation (9), but for each pair of nodes itis necessary to specify the associated vector P. As an example, consider a couple of faces, such as R and L in Figure 6 , and corresponding nodes on each face. Equation (9) establishes the condition for this pair of nodes, and for any other pair of corresponding nodes on faces R and L with vector of periodicity P1:
A summary of the P vectors to be used with each pair of nodes on faces, edges, and vertices is given in Tables 1 to 3 for the first and second degree of freedom (DOF) in equation (11). This procedure allows implementation of any macroscopic strain. 
Load Cases
Under compression in direction x1, a single lamina can freely deform in the transverse directions. However, if it is used as part of a laminate, then it cannot deform transversely in the same way because other laminae produce an effect of transverse constraint. The question arises regarding how this may influence the micro-buckling of a fiber which is part of a laminate? To distinguish between possible situations, two loading cases are considered in this work: one with constrained transverse strain and another one without such constraint. Notice that the first case is not fully representative of the strain state of a lamina in a laminate, but it may be seen as a limiting condition. Both loading cases are deformations without macroscopic distortions, i.e. the macroscopic strain tensor has zero off-diagonal components and a compressive component 11. In one case (which is identified as case A) the transverse strain components are not specified, so that the UC can expand in the transverse directions while being under 11 compression. In the other load case (identified as case B) the transverse strain components are zero, with the consequence that no lateral expansion occurs under axial compression.
Implementation of load cases A and B described above is done through boundary conditions, eq. (10), applied on displacements at control nodes since they are directly related to macro strain components. In load case B, all displacements are specified; this means that all macroscopic strain com- e are kept as degree of freedoms in the model, and they can be obtained from the numerical solution of the UC.
Fiber and Matrix Materials
In order to investigate imperfection sensitivity, this model includes two sources of non-linearity: The epoxy matrix is modeled as a non-linear material, whereas the strain-displacement relations are geometrically non-linear. The nonlinear equilibrium paths are followed using the Riks algorithm in ABAQUS (2009).
To illustrate the micro-buckling behavior, a composite made of glass fibers and epoxy matrix was considered having Rf = 3.5 x10 -6 m. Both constituent materials were assumed to be isotropic:
the fiber was modeled as linear elastic with modulus Ef = 84 GPa, and Poisson's ratio f = 0.22, whereas the matrix was modeled as an elasto-perfectly plastic material with Em= 4 GPa and m = 0.38. Two yield stresses for the matrix material were considered with values given by y = 48.26 MPa and y =100 MPa. An associative flow rule was used together with von Mises yield surface.
Post-Processing and Finite Element Mesh
The macroscopic Cauchy stress tensor,  k ij, is computed, as in many other works, as
where  k ij is the ij component of the microscopic Cauchy stress tensor at Gauss point k in the Finite Element mesh that covers the UC; Vk is the integration weight (in terms of volume associated with the Gauss point k) for a mesh with N Gauss points and, V is the current volume of the UC.
Approximately 30,000 elements (C3D8 in the ABAQUS library, a solid 8-node linear brick) were used in the Finite Element mesh. This element does not have volumetric locking when used in plasticity problems. Meshes with 200,000 elements were also used in some configurations to test
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convergence. The maximum stress changed less than 0.7% respect to values reported in the following Section.
RESULTS AND DISCUSSION
Under load condition A, 384 cases were solved for this work, where as 432 cases were computed for load condition B. The cases cover changes in the variables of interest, which include the type of imperfection (either 2D or 3D); orientation angle  of the 2D imperfection; configuration of fiber arrangement; matrix yield stress y; fiber volume fraction Vf, and misalignment angle . Cases with Vf = 10%, 30%, 50% and 70% were investigated, together with values of angle  between 0.01º and 20º and  = Lf/Df between 12.5 and 200 to have a wide perspective of the phenomenon covering results reported in experimental tests; as a reference value, Jochum and Grandidier (2004) measured values of between 20 and 50 with misalignment angles up to 10º.
To facilitate the presentation of results, each case was identified with a group number ranging from 1 to 24, a letter to identify the load case, the misalignment angle, and the yield stress of the matrix. Group numbers are given for a Vf value, a type of imperfection, a specific fiber arrangement, and an angle  (in cases of 2D imperfection). The codification is shown on Tables 4 to 7. For example, Group 4 includes cases with Vf = 70%, Sq arrangement, 2D imperfection, and = 0.
Equilibrum Paths
Equilibrium paths are shown in Figure 7 for selected cases of Groups 4A and 4B (Vf = 70%, 2D imperfection, square fiber array,  = 0) and y = 48.26 MPa, whereas values of misalignment angles are given in each case. Notice that because only compressive behavior is of interest for microbuckling, negative values of strain and stress are reported. For small deviation angles, the equilibrium path is fairly linear and reaches a maximum value at a bifurcation load; then the path drops in the post-buckling path. For large deviation angles, the equilibrium path exhibits nonlinearity until a maximum is reached; this is a limit point in the nomenclature of the theory of elastic stability (see, for example, Godoy, 2000) ; then, the path drops in an unstable behavior. A comparison of load cases A and B shows that the slope is slightly higher in cases B, because the transverse strain has been constrained.
Equilibrium paths for various misalignment angles , for Groups 4A and 4B and y = 48.26
MPa, are plotted in Figure 8 . The scale has been modified with respect to Figure 7 to highlight details of the curves.
For configurations with moderate imperfections  there are local maximum points in the equilibrium paths. But for large values of  the maximum vanishes, with the consequence that the stress increases with a compressive strain without crossing a singularity in the path; micro-buckling does not occur in such cases and the problem is governed by large displacements. This behavior of having a limiting angle  for which the maximum ceases to exist, occurs in most groups studied and is typical of shell buckling problems (Godoy, 2000) . Values of the maximum loads (a limit point in the equilibrium path) in each case are shown in Tables 4 to 7. In groups for which a value is missing means that a maximum in the path was not found, i.e. micro-buckling did not occur. For all cases in Tables 4 to 7 a value of  = 50 was assumed. Such value was selected based on results of experimental tests reported in the literature.
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Moreover, to illustrate the influence of , cases with  between 12.5 and 200 were solved for Groups 1, 7, 13, and 19 (3D imperfection and Hx fiber array), load case B, = 0.01º and y = 48.26 MPa. Results of maximum stresses are shown in Figure 9 and they show a small change in limit stress for high  values.
Equilibrium paths for groups 19A and 19B (Vf = 10%, 3D imperfection, hexagonal fiber arrangement Hx, and y = 48.26 MPa) are plotted in Figure 10 , for cases with  = 0.01º, 2.5º, and 20º. 
In the almost-perfect case,  = 0.01º, a line is shown with the initial slope. There is a change in slope during the loading process of the UC which is caused by plasticity in the matrix. This change in slope occurs at a strain 11 = -0.012, and is more evident in load case A than in case B. Similar behavior was found for the other cases with Vf = 10%, but the slope change caused by plasticity is not clearly observed in higher volume fractions because the matrix has less incidence in the stiffness of the UC. 
Parametric Studies
Parametric studies have been performed by taking into account the limit stresses in Tables 4 to 7 , and results are presented (as in many stability problems) in terms of a knock-down factor , i.e. the critical stress for a given  divided by the stress for zero. Because of space restrictions, not all values from Tables 4 to 7 can be plotted.
The knock-down factor  has been plotted as a function of misalignment  for unconstrained load cases A, and constrained cases B, in Figure 11 , for 3D imperfections with Sq and Hx fiber arrangement, and several values of misalignment . The results indicate that the fiber arrangement does not have an incidence on the results. A similar graph for 2D imperfections could also be plotted from values of Tables 4 to 7 , and similar results are found. The incidence of Vf for various misalignment angles is shown in Figure 12 , for a given type of imperfection and fiber arrangement (3D and Hx array), and yield stress y = 48.26 MPa. The results show high imperfection-sensitivity to small amplitude imperfections: as an example, for  = 1º, the knock-down factor falls to less than 50% in all cases. This sensitivity increases with increasing Vf. Similar behavior was obtained for 2D imperfections and for Sq configurations and y = 100 MPa.
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The influence of the type of imperfection (2D or 3D) has been investigated for groups 1, 3, 7, 9, 13, 15, 19, and 21 , considering an hexagonal fiber configuration (Hx) and y = 100 MPa. The knock-down factors are shown in Figure 13 , and it is clear that the curves with different types of imperfection become almost identical. The conclusion is that the type of assumed imperfection (either 2D or 3D) does not have a significant influence on the knock-down factor.
The influence of angle  (the orientation of the 2D imperfection plane), for Groups 3, 5, 9, 11, 15, 17, 21, and 23, for both load configurations A and B and for the same fiber arrangement (Hx) and y = 100 MPa has been plotted in Figure 14 . The results indicate that  does not have an influence on the limit stress. The same behavior was found for square fiber arrangement (Sq) and y = 48.26 MPa. Cases with higher matrix yield stress produced higher limit stresses. In Figure 15 results for cases 4 and 22 (2D imperfection, Sq array,  = 0, and y = 48.26 MPa) are shown and the same trend was found in all cases considered in this work. The influence of matrix yield stress on knock-down factor is shown in Figure 16 for cases 4, 16, and 21, with 2D imperfection, Sq fiber arrangement, and  = 0. The results show an increase in knock-down factor but the problem is still highly sensitive to imperfection. 
Comparison with a Simplified Model
Comparison of the present Finite Element results with a simplified model presented by Barbero (1998) This analytical equation approximates the limit stress  of a unidirectional composite under compressive load, without taking into account transverse effects. The composite properties required in this model are the in-plane shear strength F6 and the in-plane shear modulus G12. Such results are compared in Figure 17 for groups 1 and 19 (3D configuration, Hx array, and y = 48.26 MPa). For this numerical example and based on the assumed von Mises yield criterion for the matrix parameters, a value F6 = 27.86 MPa was adopted in concordance with y = 48.26 MPa. The elastic modulus G12 was obtained using the Periodic Microstructure Model (PMM), equation (4.39) in Barbero (2010) .
The results of the present Finite Element and the approximate analytical model are in very good agreement. Constrained cases A yield lower limit stresses. Similar trends are obtained for all cases considered.
As a reference, the limit stress for both load cases considered has been normalized in Table 8 with respect to bifurcation loads obtained from the model due to Rosen (1965) . Only results of cases from Group 1, 7, 13, and 19 (3D imperfection and Hx array) for  = 0.01º are considered, and it is found that unconstrained cases A have lower values than constrained cases B. Such discrepancies between simplified model due to Rosen and the present one could be caused by different assumptions in stress states for the fiber and matrix, consideration of fiber misalignment and matrix plasticity, among other reasons. Similar trends were found with Sq array or 2D imperfection. Finally, Figure 17 and 15 show that there is a loss in fiber reinforcing contribution for large misalignment angles. Also, for such misalignment angles, a change in the matrix yield stress produces limit stresses that are comparable and even higher than those generated by changing Vf. As an example, case 22A in Table 4 (10% of fiber from Table 4 is recovered), then a value of 0.335 GPa is obtained. If case 22A with  = 5º in Table   4 is considered again and the matrix yield stress is changed from 48.26 MPa to 100 MPa, recovering case 22A from Table 5 , a value of 0.391 GPa is obtained. Similar results were found for all cases considered here. Finally, the results seem to show that, for large misalignment angles, the matrix yield strength have a more important role than fiber volume fraction on limit stress. Table 8 : Limit stresses normalized with respect to bifurcation loads due to Rosen (1965) . Results for  = 0.01º.
CONCLUSIONS
The micro-buckling of unidirectional fiber-reinforced composites has been investigated in this research by means of a computational micromechanics simulation in which misalignment imperfections were geometrically represented. Results were obtained by means of a Finite Element discretization of the periodic Unit Cell domain, using the general purpose package ABAQUS, and assuming non-linear kinematic and material behavior. Based on the results, it is possible to conclude that there is a high imperfection-sensitivity in the critical stress of fiber micro-buckling. This is in agreement with earlier results by Drapier et al. (1998) for a unidirectional carbon fiber/epoxy resin material for a fixed imperfection wavelength. A sharp drop is seen to occur for very small angles less than α = 1º, which is consistent with the 2/3 power law identified by . For higher values of imperfection amplitude, the asymptotic model of is only an approximation, and more refined values are shown in this work, for example in Tables 4 to 7. The type of imperfection (either 2D or 3D), the fiber configuration (hexagonal or square), and angle of the plane of 2D imperfection (orientation of 2D imperfection) do not have a great influence on the limit stresses due to micro-buckling. For small values of misalignment, the problem is mainly influenced by fiber volume fraction and matrix yield stress.
For large imperfection amplitude, as given by large misalignment angle, there is a significant loss in the reinforcing effect that is contributed by the fiber. Also, for such imperfection level, increasing the matrix yield stress produces comparable or even higher limit stresses than those produced by fiber volume fraction changes. In other words, micro-buckling seem to be dominated by fiber volume fraction for small misalignment angles, whereas, for large fiber angles it shows as a property dominated by matrix yield stress. A sequel of this conclusion is that increasing fiber volume fraction is not an effective way to increase micro-buckling capacity unless a misalignment control is introduced during the fabrication process.
This work has been restricted to an analysis at the micro level, and no attempt has been made to couple micro and macro levels; this is seen as a topic for further research. The research reported aims to highlight which micromechanics variables play the most important influences on the microbuckling phenomenon, which is a necessary ingredient before proceeding to multi-scale coupling.
